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Noncentrosymmetric superconductors (NCSs), characterized by antisymmetric spin-orbit coupling and a mix-
ture of spin-singlet and spin-triplet pairing components, are promising candidate materials for topological super-
conductivity. An important hallmark of topological superconductors is the existence of protected zero-energy
states at surfaces or in vortex cores. Here we investigate Majorana vortex-bound states in three-dimensional
nodal and fully gapped NCSs by combining analytical solutions of Bogoliubov-de Gennes (BdG) equations in
the continuum with exact diagonalization of BdG Hamiltonians. We show that depending on the crystal point-
group symmetries and the topological properties of the bulk Bogoliubov-quasiparticle wave functions, different
types of zero-energy Majorana modes can appear inside the vortex core. We find that for nodal NCSs with
tetragonal point group C4v the vortex states are dispersionless along the vortex line, forming one-dimensional
Majorana flat bands, while for NCSs with D4 point-group symmetry the vortex modes are helical Majorana
states with a linear dispersion along the vortex line. NCSs with monoclinic point group C2, on the other hand,
do not exhibit any zero-energy vortex-bound states. We show that in the case of the C4v (D4) point group the
stability of these Majorana zero modes is guaranteed by a combination of reflection (pi rotation), time-reversal,
and particle-hole symmetry. Considering continuous deformations of the quasiparticle spectrum in the pres-
ence of vortices, we show that the flat-band vortex-bound states of C4v point-group NCSs can be adiabatically
connected to the dispersionless vortex-bound states of time-reversal symmetric Weyl superconductors. Experi-
mental implications of our results for thermal transport and tunneling measurements are discussed.
I. Introduction
Topological superconductors have in recent years become
a subject of intense research due to their potential use for
technical applications in device fabrication and quantum
information1–5. By the bulk-boundary correspondence, zero-
energy Majorana modes appear at the surface or inside the
vortex core of topological superconductors. The experimen-
tal search for Majorana modes, which can be utilized as ba-
sic building blocks (i.e., half a qubit) for topological quantum
computers, is the focus of a growing research effort6–9. These
Majorana modes are robust against symmetry preserving im-
purity scattering processes and deformations of the supercon-
ducting order parameter. While topological superconductivity
can be artificially engineered in heterostructures with an ordi-
nary s-wave superconductor and, say, a semiconductor10–12 or
a topological insulator13, it can also occur naturally in certain
correlated materials with strong spin-orbit coupling (SOC).
One promising class of materials for topological super-
conductivity are the noncentrosymmetric superconductors
(NCSs)14. In these systems, the absence of inversion symme-
try together with strong SOC and electronic correlations can
give rise to unconventional pairing states with topologically
nontrivial characteristics15–24. For example, in CePt3Si25–27,
macroscopic as well as microscopic measurements indicate an
unconventional superconducting state with a mixture of spin-
singlet and spin-triplet pairing components and line nodes
in the superconducting gap. Experimental evidence for un-
conventional pairing symmetries has also been reported for
CeIrSi328, CeRhSi329, Y2C330, Li2Pt3B31–33, and BiPd34.
Both fully gapped and nodal NCSs with sizable spin-triplet
pairing components exhibit nontrivial topological properties,
which manifest themselves in terms of different types of zero-
energy surface states. In fully gapped NCSs the surface states
are dispersing helical Majorana modes, whereas nodal NCSs
exhibit flat-band surface states16,19–22,35, and depending on the
crystallographic point group, may also support helical Majo-
rana modes or arc surface states23. Experimentally, it is possi-
ble to distinguish among different types of surface states using
Fourier-transform scanning tunneling spectroscopy36 or sur-
face transport measurements37,38.
Most of the candidate materials for noncentrosymmet-
ric topological superconductivity are strong type-II super-
conductors, with Ginzburg-Landau parameters κ of the or-
der of ∼10014. Hence, zero-energy Majorana modes may
emerge inside magnetic vortices of these superconducting
compounds24,39–41. In this paper, we examine vortex-bound
states of three-dimensional (3D) NCSs and study how their
appearance is related to the crystal point-group symmetries
of the superconductor and the nontrivial topological proper-
ties of the bulk Bogoliubov-quasiparticle wave functions. Us-
ing both numerical and analytical methods, we compute the
vortex-bound state spectra of (s + p)-wave NCSs with three
different point-group symmetries: the two tetragonal point-
groups D4 and C4v , as well as the monoclinic point-group
C2
42.
One of our primary findings is that D4 point-group NCSs
support gapless helical Majorana states inside vortex cores.
These subgap states disperse linearly along the vortex line,
and are akin to one-dimensional helical Majorana modes that
exist at the edge of fully gapped topological NCSs in two di-
mensions. Remarkably, these vortex-bound states appear both
in the fully gapped topological phase and in the nodal phase
that separates the fully gapped trivial phase from the topolog-
ical one [see Figs. 1(a) and 2]. While these helical Majorana
vortex states exist in an extended region of the phase diagram
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2of Fig. 1(a), they are unstable against perturbations that break
the D4 point-group symmetry of the superconductor (SC)43.
For NCSs with tetragonal point-group symmetry C4v , on the
other hand, we find that there are zero-energy vortex-bound
states which are dispersionless along the vortex line, forming
a one-dimensional Majorana flat band (Fig. 3). In contrast,
C2 point-group NCSs do not exhibit any zero-energy vortex-
bound states neither in the fully gapped nor in the nodal phase
(Fig. 4). We find that the Majorana vortex-bound states of
the C4v (D4) point-group NCS are protected by a combina-
tion of reflection (pi rotation), time-reversal, and particle-hole
symmetry.
Interestingly, the existence of these vortex-bound states in
nodal NCSs correlates to some degree with the appearance of
extra surface states, that appear in addition to the flat-band
surface states. That is, for nodal NCSs with D4 point-group
symmetry the helical vortex-bound states always appear to-
gether with helical Majorana cones on the surface which are
protected by a Z2 topological number19,23. (In the following,
we refer to these Majorana cone surface states as the “Z2 sur-
face states.”) On the other hand, for nodal C4v point-group
NCSs the existence of flat-band vortex states is correlated with
the appearance of helical arc states on the surface23, see Ta-
ble I. These arc surface states are superconducting analogues
of the Fermi arcs that exist on the surface of Weyl semimet-
als44–46. Using translation symmetry in the vortex direction,
we fix the momentum along the vortex line and consider adi-
abatic deformations of the quasiparticle spectrum that do not
close the bulk energy gap for this fixed momentum. By use
of this procedure, we find that the vortex-bound states (ex-
tra surface states) of D4 and C4v point-group NCSs are adia-
batically connected to the vortex-bound states (surface states)
of fully gapped topological SCs and time-reversal symmet-
ric Weyl SCs, respectively. Conversely, finite-energy vortex-
bound states of nodal NCSs with C2 point-group symmetry
can be related to finite-energy vortex-bound states of fully
gapped trivial SCs (cf. Table I).
II. Model Hamiltonian and symmetries
To study the appearance of vortex-bound states in nodal
NCSs, we consider a generic single-band Bogoliubov-de
Gennes (BdG) Hamiltonian H =
∑
k∈BZ Ψ
†
kH(k)Ψk, with
H(k) =
(
h(k) ∆(k)
∆†(k) −hT (−k)
)
, (1)
and the Nambu spinor Ψk = (ck↑, ck↓, c
†
−k↑, c
†
−k↓)
T, where
ckσ (c
†
kσ) denotes the electron annihilation (creation) opera-
tor with momentum k and spin σ =↑, ↓. The normal-state
Hamiltonian h(k) = ε(k)I2×2 +αl(k) ·σ describes electrons
on a cubic lattice with nearest-neighbor hopping t, chemical
potential µ, spin-independent dispersion ε(k) = t(cos kx +
cos ky + cos kz) − µ, and Rashba-type SOC αl(k) · σ with
strength α. Here,σ = (σ1, σ2, σ3) is the vector of Pauli matri-
ces. Due to the absence of inversion symmetry, the supercon-
ducting gap ∆(k) contains in general an admixture of even-
TABLE I. Depending on the crystal point-group symmetries (first
column), nodal NCSs can exhibit different types of zero-energy
vortex-bound states (second column). As indicated in the third col-
umn, the appearance of these different vortex states correlates with
the existence of extra surface states besides the flat-band states. The
helical vortex states and the Z2 surface states of nodal D4 NCSs can
be adiabatically connected to the vortex-bound and surface states of
fully gapped topological NCSs. Similarly, the flat-band vortex states
and arc surface states of C4v NCSs are related to the vortex-bound
and surface states of time-reversal symmetric Weyl SCs.
Vortex states Extra surface states Adiabatic deformation
D4 helical states Z2 Majorana cone fully gapped top. SC
C4v flat bands helical arc states Weyl SC with TRS
C2
a none none gapped trivial SC
a
for phase IV in Fig. 1(c).
parity spin-singlet and odd-parity spin-triplet pairing compo-
nents, ∆(k) = (∆sI2×2 + ∆td(k) · σ)(iσ2), where ∆s and
∆t represent the spin-singlet and spin-triplet pairing ampli-
tudes, respectively. For the spin-triplet pairing term we as-
sume that the vector d(k) is oriented parallel to the polariza-
tion vector l(k) of the SOC47. To simplify matters we will
set (t, α,∆t) = (−1, 1, 1) in our numerical calculations and
study the vortex-bound states as a function of ∆s, µ, and dif-
ferent types of SOC potentials. We have checked that dif-
ferent values of (t, α,∆t) do not qualitatively change our re-
sults. With ε(k) = ε(−k) and l(k) = −l(−k), Hamilto-
nian (1) is invariant under both time-reversal symmetry (TRS)
and particle-hole symmetry (PHS),
U−1T H(k)UT = H∗(−k) (2a)
and
U−1P H(k)UP = −H∗(−k), (2b)
where UT = I2×2 ⊗ iσ2 and UP = σ1 ⊗ I2×2, respectively.
Hence, since UTU
∗
T = −I4×4 and UPU∗P = I4×4, H(k) be-
longs to symmetry class DIII.
The specific form of the spin-orbit coupling vector l(k) is
constrained by the lattice symmetries of the superconductor48.
In the following we consider NCSs with three different crystal
point-group symmetries: the tetragonal point groups D4 and
C4v , as well as the monoclinic point group C2. Within a tight-
binding expansion, we obtain for the crystal point group D4
to lowest order
l(k) = (a1 sin kx, a1 sin ky, a2 sin kz). (3a)
For the tetragonal point group C4v , which is relevant for
CePt3Si, CeRhSi3, and CeIrSi3, the vector l(k) takes the form
l(k) = a1(sin ky,− sin kx, 0). (3b)
The lowest order terms compatible with C2 point-group sym-
metry (represented by BiPd) are given by
l(k) = (a1 sin kx+a5 sin ky, a2 sin ky+a4 sin kx, a3 sin kz).
(3c)
3D4 and C4v NCSs exhibit, besides the global symmetries
TRS and PHS, also rotation and reflection symmetries. Two
of these crystalline symmetries play an important role for the
protection of zero-energy vortex-bound states. Let us discuss
these in more detail. We find that the D4 NCS is invariant
under pi rotation along the x axis, which acts on the Hamilto-
nian (1) as
U†RpiH(Rpik)URpi = H(k), (4)
where URpi = diag(uRpi , u
∗
Rpi
) and uRpi is the spinor repre-
sentation of the rotation Rpi = diag(1,−1,−1), i.e., uRpi =
exp [−i(pi/2)σ1] = −iσ1. The C4v point-group NCS, on the
other hand, satisfies the reflection symmetry
U†RyH(Ryk)URy = H(k), (5)
with U†Ry = diag(uRy , u
∗
Ry
) and uRy = iσ2 the spinor repre-
sentation of the reflection operator Ry = diag(1,−1, 1).
For a pair of vortex-antivortex lines oriented along the z
axis, the spin-singlet and spin-triplet order parameters are
modified as
∆s,t(x, y) = ∆s,te
iφ(x,y), (6)
where the phase angle φ(x, y) is given by φ(x, y) =
tan−1[2aby/(x2 + (by)2 − a2)]. This describes a vortex and
antivortex line with winding number ±1 located at (a, 0) and
(−a, 0), respectively. The anisotropy of the vortex line is con-
trolled by the parameter b. In order to compute the vortex-
bound states we set (a, b) = (8, 2) and diagonalize the BdG
Hamiltonian (1) on a 50× 50× 60 cubic lattice with periodic
boundary conditions (PBCs) in all three directions. To sim-
plify matters, we do not take into account the Zeeman effect.
Most NCS topological superconductor candidate materials are
extreme type-II superconductors14 with a lower critical field
Hc1 of the order of 1 mT, corresponding to an energy scale
an order of magnitude smaller than the gap energy. For these
systems, it is expected that the Zeeman effect can be neglected
for a magnetic field that is not much larger than Hc1.
The Hamiltonian in the presence of a pair of vortex-
antivortex lines along the z axis breaks TRS as well as the
crystal symmetries (4) and (5), but remains invariant under a
combination of TRS with crystal symmetries. That is, the D4
point-group NCS with kz = 0 satisfies the following symme-
try
[URpiUT ]−1H˜(x, x′, y, y′)[URpiUT ] = H˜∗(x, x′, y, y′), (7a)
where H˜(x, x′, y, y′) denotes the Fourier transform of
H(kx, ky, kz = 0), URpi = δx,xδy,−yURpi is the real-space
pi-rotation operator, and UT = δx,xδy,y ⊗ UT represents the
time-reversal operator in position space. Similarly, for theC4v
NCS in the presence of vortices, we find the following sym-
metry
[URyUT ]−1H˜(x, x′, y, y′, kz)[URyUT ] = H˜∗(x, x′, y, y′, kz),
(7b)
for all kz , where URy = δx,xδy,−y ⊗ URy denotes the reflec-
tion operator in real space. Here, the matrix δx,xδy,−y acts on
the real-space basis, while URy acts on the Nambu basis. We
note that the C2 NCSs does not possess any symmetry of the
form of Eqs. (7). In Sec. IV it is shown that symmetries (7) to-
gether with PHS lead to the protection of zero-energy vortex-
bound states.
III. Phase diagram and topological invariants
The phase diagram of Hamiltonian (1) in the absence
of vortices is shown in Figs. 1(a)-1(c) as a function of
spin-singlet pairing amplitude ∆s and chemical potential µ.
Two fully gapped phases with trivial and nontrivial topology
(phases I and II in Fig. 1) are separated by a nodal supercon-
ducting phase (phases III and IV in Fig. 1)49. Interestingly,
for the C2 point-group NCS we find that there are two distinct
gapless phases with a Lifshitz transition in between, at which
the nodal rings touch each other and reconnect in a different
manner [see Figs. 1(d) and 4(a)-4(d)]. The topological prop-
erties of the fully gapped phases I and II in Fig. 1 are char-
acterized by the 3D winding number ν3,19 which is defined
as
ν3 =
∫
BZ
d3k
24pi2
µνρTr[(q−1∂kµq)(q
−1∂kν q)(q
−1∂kρq)],
(8)
where q is the off-diagonal block of the spectral projector,
see Appendix A. We find that phase I is topologically non-
trivial with ν3 = −1, while phase II is trivial with ν3 = 0.
Note that this 3D winding number ν3 is only well defined for
fully gapped phases. The topological characteristics of the
nodal phases III and IV, however, can be described by the one-
dimensional winding number19,22
ν1 =
i
2pi
∮
L
dkµTr[q
−1∂kµq], (9)
where L is a closed path that interlinks with a line node. In
both nodal phases III and IV, the winding number ν1 evaluates
to ±1 for each nodal ring. To characterize the nodal phases it
is also possible to define a one- or two-dimensional Z2 topo-
logical invariant19,22
WA =
∏
K
Pf
[
qT (K)
]√
det [q(K)]
, (10)
where A is a time-reversal invariant line or plane embedded
in the 3D Billouin zone (BZ) and K denotes the two (four)
time-reversal invariant momenta on the line (plane) A.
IV. Vortex-bound states and surface states
In this section we discuss the surface states and vortex-
bound states of nodal NCS with the thee different point-group
symmetries D4, C4v , and C2.
4FIG. 1. (Color online). Phase diagram of Hamiltonian (1) as a func-
tion of spin-singlet pairing amplitude ∆s and chemical potential µ
for the point group (a) D4 with (a1, a2) = (1.0, 0.3), (b) C4v with
a1 = 1.0, and (c)C2 with (a1 = a2, a3, a4 = a5) = (1.0, 0.3, 0.5).
The fully gapped phases (red shaded regions) are characterized by
the winding number ν3, where ν3 = −1 (phase I) corresponds to the
topological phase, while ν3 = 0 (phase II) is the trivial phase. The
blue dashed line in panel (c) represents the phase boundary between
the two distinct nodal structures III and IV shown in panel (d).
A. D4 point-group NCSs
We start by considering a nodal NCS with D4 point-group
symmetry in phase III of Fig. 1(a). In this region of param-
eter space the bulk Bogoliubov quasiparticle spectrum ex-
hibits two topologically stable nodal rings, which are cen-
tered about the (001) axis [Figs. 2(a) and 2(b)]. The one-
dimensional winding number ν1 (topological charge) of these
two nodal rings is ν1 = ±1, which by the bulk-boundary
correspondence results in the appearance of flat-band surface
states19,23. In addition to the surface flat bands, nodal D4
NCSs exhibit Z2 Majorana surface states. This is shown in
Figs. 2(c) and 2(d) for the (100) surface, where a helical Ma-
jorana cone appears at (ky, kz) = (0, 0) of the surface BZ.
As shown in Ref. 19, this Majorana surface state is protected
by the one-dimensional Z2 topological invariant (10) withA a
time-reversal invariant line. Choosing A to be oriented along
the kx axis with (ky, kz) held fixed, we find that WA = −1
at (ky, kz) = (0, 0), which signals the appearance of a zero-
energy helical Majorana state. At the other three time-reversal
invariant momenta of the surface BZ there are no surface
states, in agreement with WA = +1 for theses surface mo-
menta.
D4 point-group NCSs support zero-energy helical Majo-
rana states not only on the surface but also inside vortex cores.
This is illustrated in Fig. 2(e), which shows the energy spec-
trum in the presence of a pair of vortex and antivortex lines
oriented along the z axis. At energies smaller than the bulk
gap there appear vortex-bound states which disperse linearly
FIG. 2. (Color online). Zero-energy vortex-bound states and sur-
face states in a D4 point-group NCS with (a1, a2) = (1.0, 0.3),
µ = −2.5, and ∆s = 0.5. This parameter choice corresponds to
phase III in Fig. 1(a). Energies are measured in the unit of hopping.
(a) Bulk nodal structure. (b) and (c): Energy spectrum in the absence
of vortices as a function of kz with (b) PBCs in all three directions
and (c) OBCs along the x axis but PBCs in the other two directions.
(d) Energy dispersion of the highest negative-energy state of the D4
NCS in a (100) slab geometry. The color scale is such that white rep-
resents zero energy. (e) Energy spectrum as a function of kz in the
presence of a vortex-antivortex pair oriented along the z axis. The
subgap states are localized at the vortex cores. (f) Probability distri-
bution of the zero-energy vortex-bound states as a function of lattice
position.
along the vortex lines. These vortex-bound states are simi-
lar to the one-dimensional helical Majorana modes that exist
at the edge of a fully gapped topological NCS in two dimen-
sions. The numerical simulations of Fig. 2 are in excellent
agreement with an analytical derivation of the vortex-bound
states,50 cf. Appendix B and Ref. 39.
The zero-energy vortex-bound states at kz = 0 are pro-
tected by a combination of pi rotation, time-reversal, and
particle-hole symmetry; see Eq. (7a).51–53 Namely, we find
that these zero energy modes are eigenstates of the chiral op-
erator S = URpiUTUP and their stability is guaranteed by the
conservation of chiral symmetry. That is, the doubly degen-
erate zero energy states at the vortex core are eigenstates of
S with eigenvalue +1, whereas the two zero-energy modes at
the anti-vortex have eigenvalues −1. Without breaking chiral
symmetry, a zero-energy state in the vortex core with chirality
eigenvalue +1 can only be removed together with a zero mode
at the anti-vortex with chirality −1. Hence, in the limit where
vortex and anti-vortex cores are separated by a large distance,
the zero-energy vortex-bound states are robust against any lo-
cal perturbation that does not break chiral symmetry S . In
particular, the zero-energy vortex-bound states remain unper-
turbed by the chiral symmetric Zeeman field hzσz ⊗ σz .
By employing continuous deformations of the quasiparti-
cle spectrum of Hamiltonian (1), one can show that the Z2
surface states and the helical vortex-bound states of the nodal
NCS with D4 point-group symmetry [phase III in Fig. 1(a)]
originate from the nontrivial properties of the adjacent fully
gapped phase of the D4 NCS [phase I in Fig. 1(a)]. To be
5more specific, let us fix the momentum along the vortex line
(e.g., to kz = 0) and consider adiabatic deformations connect-
ing phase III to phase I that do not close the bulk gap at this
particular momentum. During this deformation process, the
two nodal rings shrink to nodal points at the north and south
poles of the Fermi sphere and vanish, while the zero-energy
vortex and surface states at kz = 0 remain unaffected. More-
over, the Z2 invariantWA of the nodal phase III can be shown
to be directly related to the 3D winding number ν3 of the fully
gapped phase I (cf. Ref. 17). Hence, the zero-energy vortex
and Z2 surface states of a nodal D4 NCS are adiabatically
connected to the vortex and surface states of a fully gapped
topological NCS with D4 point-group symmetry. A similar
deformation process connecting phase III to phase II, on the
other hand, does not exist, since upon crossing the transition
line between phase III and phase I, the nodal rings approach
each other and pair-annihilate. As a result, the zero-energy Z2
surface states and vortex-bound states disappear as one tra-
verses the transition line.
B. C4v point-group NCSs
Next we study surface and vortex-bound states of a nodal
C4v point-group NCS in phase III of Fig. 1(b). The bulk
quasiparticle spectrum in this nodal phase [Figs. 3(a) and 3(b)]
resembles the one of the D4 NCS [Figs. 2(a) and 2(b)] and
shows two nodal rings around the poles of the Fermi sphere.
These line nodes have a nontrivial topological charge, which,
as a consequence of the bulk-boundary correspondence, lead
to the appearance of flat-band surface states. In addition,
C4v NCSs support helical arc surface states, that connect the
projected nodal rings in the surface BZ [see Figs. 3(c) and
3(d)]. These helical arc surface states are protected by a
two-dimensional Z2 number, which is defined for each plane
perpendicular to the (001) direction, (i.e., for planes with
fixed kz)23, see Appendix C. The arc surface states of C4v
NCSs can be viewed as superconducting analogues of the
Fermi arcs in time-revesal symmetric Weyl semimetals54–56,
or alternatively as time-reversal invariant versions of the arc
states in the A phase of superfluid 3He57,58.
Due to the bulk-vortex correspondence57, vortex lines in
C4v NCSs support zero-energy bound states which are disper-
sionless along the vortex line. This is illustrated in Figs. 3(e)
and 3(f) for a pair of vortex and antivortex lines that are ori-
ented along the z axis. Just as the arc surface states, these flat-
band vortex-bound states connect the projected bulk nodes
in kz momentum space. Following similar arguments as in
Sec. IV A, it can be shown that the zero-energy vortex-bound
states of the C4v NCSs for any fixed kz are protected by the
chiral symmetry S = URyUTUP ; see Eq. (7b). Using an adi-
abatic deformation of the Bogoliubov quasiparticle spectrum
that does not close the bulk energy gap at the momenta kz
in between the two projected nodal rings, we find that the
flat-band vortex states and the arc surface states of the C4v
NCSs can be related to the vortex states and surface states
of a time-reversal symmetric Weyl superconductor. That is,
upon approaching the boundary of phase III in Fig. 1(b) where
FIG. 3. (Color online). Same as Fig. 2 but for a C4v point-group
NCS with a1 = 1.0, µ = −2.5, and ∆s = 0.5, corresponding to
phase III in Fig. 1(b).
FIG. 4. (Color online). Bulk nodal structure, surface states, and
finite-energy vortex-bound states for a C2 point-group NCS with
a1 = a2 = 1.0, a3 = 0.3, and a4 = a5 = 0.5. Energies are
measured in the unit of hopping. (a)-(d): Evolution of the bulk nodal
structure as one moves along a path in the (µ,∆s) phase diagram of
Fig. 1 from phase III [panels (a) and (b) with (µ,∆s) = (−2.5, 0.5)
and (−2.9, 0.5), respectively] to phase IV [panels (c) and (d) with
(µ,∆s) = (−3.1, 0.5) and (−3.1, 1.5), respectively]. (e) and
(f): Energy spectrum in the absence of vortices for (e) the highest
negative-energy state and (f) all the states with ky = 0 of a C2 NCS
in a (100) slab geometry with the same parameters as in panel (d). (g)
Energy spectrum in the presence of a vortex-antivortex pair oriented
along the (110) direction as a function of momentum parallel to the
vortex lines, k‖ = 12 (kx + ky), with the same parameters as in panel
(d). The subgap states are localized at the vortex cores.
∆s = 0 and µ > −3, the nodal rings shrink to points at the
north and south poles of the Fermi sphere and the C4v NCSs
turns into a time-reversal invariant Weyl superconductor, i.e.,
a time-reversal symmetric analog of the A phase of 3He.
C. C2 point-group NCSs
Lastly, we examine the surface and vortex-bound states of
NCSs with C2 point-group symmetry. The phase diagram of
6C2 NCSs as a function of spin-singlet pairing amplitude ∆s
and chemical potential µ displays two distinct nodal phases,
which differ in the orientation of the nodal rings [Figs. 1(c),
1(d), and 4(a)-4(d)]. In phase III the nodal rings are oriented
along the (001) axis, while in phase IV they are centered about
the (110) direction. As in the previous two cases, the topolog-
ical characteristics of these nodal rings, which is described by
the one-dimension winding number ν1, leads to the appear-
ance of flat-band surface states. In addition, phase III supports
Z2 Majorana surface states, whereas phase IV does not exhibit
any additional surface states. This is exemplified in Figs. 4(e)
and 4(f), which show the energy spectrum at the (100) sur-
face of a C2 NCS in phase IV. Flat-band surface states ap-
pear within regions of the surface BZ that are bounded by
the projected bulk nodal rings. But otherwise there exist no
additional surface states in phase IV. Indeed, the energy spec-
trum along the kz = 0 line is fully gapped [Fig. 4(f)]. Using
the same adiabatic deformations as before, we find that phase
III can be connected to phase I, showing that the Z2 surface
states of phase III originate from the topological properties of
the fully gapped phase I. Phase IV, on the other hand, can be
deformed into phase II by shrinking the nodal rings into points
at opposite sides of the Fermi surface until they vanish, which
corroborates our finding that there are no additional surface
states in phase IV.
In contrast to NCSs with D4 or C4v point-group symme-
try, NCSs with monoclinic point-group C2 do not support any
zero-energy vortex-bound states, neither in the fully gapped
phases I and II nor in the nodal phases III and IV. This is in line
with our finding that the chiral symmetry S (i.e., the combina-
tion of reflection (pi rotation), particle-hole, and time-reversal
symmetry), which is present for D4 and C4v NCSs but absent
for C2 NCSs, guarantees the the stability of the zero-energy
vortex-bound states. The absence of zero-energy vortex states
inC2 point-group NCSs is demonstrated in Fig. 4(g) for phase
IV, which shows the energy spectrum for a vortex-antivortex
pair oriented along the (110) axis, and also follows from an
analytical argument,59 see Appendix B.
V. Summary and discussion
In summary, we have studied zero-energy vortex-bound
states in 3D nodal and fully gapped NCSs. While vortex
lines in NCSs with tetragonal point-groupD4 andC4v support
zero-energy vortex-bound states, C2 point-group NCSs do not
exhibit any Majorana vortex-bound states. We have found that
the existence of Majorana vortex-bound states in nodal NCSs
correlates with the appearance of Majorana cone and arc sur-
face states. The zero-energy vortex states in C4v (D4) NCSs
are protected by a combination of reflection (pi rotation), time-
reversal, and particle-hole symmetry, see Eq. (7). This is
reminiscent of the zero modes at dislocation lines of band-
topological insulators which are stabilized by certain space
group symmetries60.
Our findings have implications for experiments on 3D
NCSs and on heterostructures, in which topological super-
conductivity is induced via the proximity effect of a conven-
tional s-wave superconductor61,62. Vortex-bound states can
be directly observed in ordinary and spin-resolved scanning
tunneling microscopy63. The helical Majorana vortex states
of D4 point-group NCSs can carry currents along the vor-
tex lines, which could in principle be detected using thermal
transport measurements41. Moreover, the vortex-bound states
are expected to be observable in terms of the cross-correlated
responses between the orbital angular momentum L and the
thermal polarization PE of a 3D topological SC, which were
recently discussed in Ref. 64. The so-called gravitomagneto-
electric polarizability of a 3D topological SC (i.e., the analog
of the magnetoelectric polarizability of a 3D topological insu-
lator) is given by
χabg =
∂La
∂Ebg
=
∂P aE
∂Ωb
, a, b = x, y, z, (11)
where Ω is the (external) angular velocity of the SC and
Eg = −T−1∇T represents the temperature gradient. Note
that the thermal polarization PE is related to the distribution
of the induced heat Q via ∆Q = −∇ · PE . According to
Eq. (11) a thermal polarization (entropy polarization) P aE can
be generated by rotating the system with angular velocity Ωb.
The presence of vortex lines leads to an additional contribu-
tion to the angular momentum and hence to an additional ac-
cumulation of entropy (heat) at the top and bottom surfaces of
the 3D SC. Vortex-bound states, on the other hand, can carry
a thermal current connecting top and bottom surfaces.
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A. q matrix
A Hamiltonian H =
∑
k Ψ
†
kH(k)Ψk which preserves chi-
ral symmetry S can be brought into block off-diagonal form,
H˜(k) = VH(k)V † =
(
0 D(k)
D†(k) 0
)
, (A1)
where V is a unitary transformation that diagonalizes the chi-
ral symmetry operator S. In general, one can always deform
a Hamiltonian into a flat-band Hamiltonian without altering
its topological features. The flat-band Hamiltonian Q(k) of
Hamiltonian H˜(k) can be defined in terms of the spectral pro-
jector P (k)
Q(k) = I4N − 2P (k)
= I4N − 2
2N∑
a=1
(
λ−a (k)
µ−a (k)
)(
[λ−a (k)]
†
[µ−a (k)]
†
)
,
(A2)
7where
(
λ−a (k) µ
−
a (k)
)T
are the negative-energy eigenfunc-
tions of H˜(k), which are obtained from the eigenequation
(
0 D(k)
D†(k) 0
)(
λ±a (k)
µ±a (k)
)
= ±Ea(k)
(
λ±a (k)
µ±a (k)
)
.
(A3)
Here, a = 1, . . . , 2N denotes the combined band and spin in-
dex (we consider N bands and two spin degrees of freedom).
The eigenstates (λ±a (k), µ
±
a (k))
T can be obtained from the
eigenstates of D(k)D†(k) or D†(k)D(k),
D(k)D†(k)λa(k) = Ea(k)2λa(k), (A4)
D†(k)D(k)µa(k) = Ea(k)2µa(k), (A5)
where the eigenstates λa(k) and µa(k) are normalized to be
1, i.e., λ†a(k)λa(k) = µ
†
a(k)µa(k) = 1. With this, we
find that the eigenstates of H˜(k) are (λ±a (k), µ±a (k))T =
1√
2
(λa(k),±µa(k))T. Hence the flat-band Hamiltonian
Q(k) defined from the spectral project P (k) holds this off-
diagonal form,
Q(k) = I4N − 2P (k) =
(
0 q(k)
q†(k) 0
)
, (A6)
where q(k) =
∑
a λa(k)µ
†
a(k), for more details; see Refs. 19
and 22.
B. Continuum BdG equations
The continuum BdG equation can be expressed as
Hψ =
(
h ∆
∆† −h∗
)
ψ = Eψ, (B1)
where h = (−∇22m − µ)I2×2 + αl(k) ·σ , with m the effective
mass, µ the chemical potential, and αl(k) ·σ the Rashba-type
SOC with strength α. The pairing term has the form ∆ =
(∆s +
1
2∇ ·D + D ·∇)(iσ2), where ∆s is the singlet pairing
amplitude and D = −i∇k(∆pl(k) · σ) presents the triplet
pairing. Here, σ = (σ1, σ2, σ3) is the vector of Pauli matrices.
Without loss of generality, we consider the spin-orbit coupling
vector l(k) = (a1kx+a4ky, a1ky+a4kx, a3kz). A vortex line
along the z direction can be introduced by adding a phase on
both singlet and triplet pairing amplitudes, ∆s → eiθ∆s and
∆t → eiθ∆t. In the cylindrical coordinate, the normal-state
Hamiltonian and the pairing term are
h =(− 1
2m
(∂2r +
1
r
∂r +
1
r2
∂2θ + ∂
2
z )− µ)I2×2
+ α
(
a3(−i∂z) −ia1e−iθ(∂r − ir∂θ)− ia4eiθ(−i∂r + 1r∂θ)
−ia1eiθ(∂r + ir∂θ)− ia4e−iθ(i∂r + 1r∂θ) a3(i∂z)
)
,
∆ =∆se
iθ(iσ2)
− i∆t
(
a1(−∂r + i 1r∂θ − 12r ) + ie2iθa4(∂r + i 1r∂θ − 12r ) a3∂z
a3∂z e
2iθa1(∂r + i
1
r∂θ − 12r ) + ia4(∂r − i 1r∂θ + 12r )
)
. (B2)
A general solution of this continuum BdG equation is ψ(r, θ, z) = eikzz[u˜↑(r)eim1θ, u˜↓(r)eim2θ, v˜↑(r)ein1θ, v˜↓(r)ein2θ]T. The
radial part of a localized solution must be of the form f(r) ∼ e−κr with Re[κ] > 0. In the asymptotic limit (1/r → 0), we can
neglect all 1r and
1
r2 terms. We find for (m1,m2, n1, n2) = (0, 1, 0,−1) and a4 = 0, that the continuum BdG equation has a
localized zero-energy solution for (i) kz = 0 or (ii) a3 = 0, that satisfies

− 12mκ2 − µ iαa1κe−iθ −i∆ta1κ ∆seiθ
iαa1κe
iθ − 12mκ2 − µ −∆seiθ i∆ta1κe2iθ
i∆ta1κ −∆se−iθ 12mκ2 + µ −iαa1κeiθ
∆se
−iθ −i∆ta1κe−2iθ −iαa1κe−iθ 12mκ2 + µ


u˜↑(r)
u˜↓(r)eiθ
v˜↑(r)
v˜↓(r)e−iθ
 = 0. (B3)
8Note that this situation corresponds to a zero-energy bound-state solution at kz = 0 for the D4 point-group NCS. In addition,
the decay length κ is determined by solving the roots of the following determinant
Det

− 12mκ2 − µ iαa1κ −i∆ta1κ ∆s
iαa1κ − 12mκ2 − µ −∆s i∆ta1κ
i∆ta1κ −∆s 12mκ2 + µ −iαa1κ
∆s −i∆ta1κ −iαa1κ 12mκ2 + µ
 = 0. (B4)
There are only two decaying solutions (Re[κ] > 0)
κ± =
√
−2a21m2(α2 + ∆2t )− 2mµ± 2
√
[a21m
2(α2 + ∆2t ) +mµ]
2 −m2(∆2s + µ2), (B5)
with the condition
−a21m2(α2 + ∆2t )−mµ− Re
[√
[a21m
2(α2 + ∆2t ) +mµ]
2 −m2(∆2s + µ2)
]
> 0. (B6)
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FIG. 5. (Color online). Energy spectrum as a function of kz of a
C4v NCS with (a1, a2) = (1.0, 2.0), µ = −2.5, and ∆s = 0.5.
(a) Without vortices and OBC along the x axis but PBCs in the other
two directions. (b) With a pair of vortex-antivortex lines oriented
along the z axis and PBCs in all three directions.
C. Higher-order SOC in NCSs with C4v point-group
symmetry
For the C4v NCS with l(k) given by Eq. (3b) (i.e., only
the lowest order SOC term) one finds that the BdG Hamil-
tonian H(k) is an even function of kz . Hence, an ef-
fective two-dimensional layer with fixed kz satisfies time-
reversal and particle-hole symmetries, U−1T H(kx, ky)UT =
H∗(−kx,−ky) and U−1P H(kx, ky)UP = −H∗(−kx,−ky).
It turns out that each layer with fixed kz belongs to class DIII
and the two-dimensional Z2 topological invariant (10) can be
computed. For kz within the two nodal rings, we find that
the Z2 number takes on a nontrivial value, which leads to the
appearance of helical arc surface states.
It is interesting to ask whether this reasoning remains valid
upon inclusion of higher-order terms in the spin-orbit inter-
action. Up to second order the SOC vector l(k) for the C4v
point-group is given by
l(k) =a1 [sin kyeˆ1 − sin kxeˆ2]
+ a2 sin kx sin ky sin kz(cos kx − cos ky)eˆ3.
We observe that the second-order term is an odd function of
kz , and hence two-dimensional layers with fixed kz are no
longer symmetric under TRS and PHS. Our numerics shows
that upon inclusion of the second-order term with a2 6= 0, the
flat-band vortex-bound states become dispersive [Fig. 5(b)].
However, the arc surface states remain unaffected [Fig. 5(a)].
It turns out that the arc surface states on the (010) and (100)
faces are protected by a reflection symmetry which leaves the
surface plane invariant. The Hamiltonian in a (010) slab ge-
ometry is invariant under the following reflection symmetry:
U†RxH˜(y, y′; kx, kz)URx = H˜(y, y′;−kx, kz), (C1)
with URx = δy,y⊗ [σ3⊗σ1], where δy,y acts on the real-space
basis and σ3⊗ σ1 acts on the momentum-space Nambu basis.
The Hamiltonian in a (100) geometry, on the other hand, is
invariant under the following mirror symmetry:
U†RyH˜(x, x′; ky, kz)URy = H˜(x, x′;−ky, kz), (C2)
with URy = δx,x ⊗ [I2×2 ⊗ σ2], where δx,x acts on the
real-space basis and I2×2 ⊗ σ2 acts on the momentum-space
Nambu basis. Here, H˜(y, y′; kx, kz) and H˜(x, x′; ky, kz) rep-
resent the tight-binding Hamiltonians of the C4v NCS in a
(010) and (100) slab geometry, respectively. Note that the
arc surface states on the (010) face [(100) face] are left in-
variant by the reflection symmetry Rx [Ry] and that both
reflection operators URx and URy have eigenvalues +1 and
−1. Since the reflection operator URx [URy ] commutes with
H˜(y, y′; kx = 0, kz) [H˜(x, x′; ky = 0, kz)], the eigenfunc-
tions of H˜(y, y′; kx = 0, kz) [H˜(x, x′; ky = 0, kz)] are si-
multaneous eigenstates of URx [URy ] with eigenvalues +1 or
−1. We have checked that the two helical zero-energy sur-
face states belong to different eigenspaces of URx [URy ]. Thus
these zero-energy states cannot hybridize and are protected by
these reflection symmetries.
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